Priklad 1. Dokazte, Ze pro vSechna n € N plati
13 ‘ (54n+26-(2n+1))7

133 ’ (11n+2+ 122}’l+1)7
24| (25" —72n4-23).

Reseni.
54 426t — 952 L 642 = (1) 4 (=) =1-1=0 (mod 13),

11772 4122 121 11"+ 12 144" = —12-11"+12-11" =0 (mod 133),
25n+l —721’l+23 = ln+l —0—-1=0 (mOd 24)

[ ]
Priklad 2. Urcete, pro kterd n € N plati
19| (137" = (=2)*%)2 +2).
Reseni. Potitejme
V(n)=(13-7"— (=2)")2 42 =(13-7"4+32- (—8)") > +2 =132 - (7" + (-8)")* +2 =
=2 (7T"4+(=8)")2+2=—2-(49"+2-(—56)"+64") +2 =
=-2-((-8)"+2-1"+7")+2=-2-(T"+(-8)") - 2.
Uvédomme si, Ze plati
n(mod3) [0]|1]2
7" (mod 19) 1]7|-8
(—8)" (mod 19) | 1 | -8 | 7
Odtud
Vin)=0 (mod19) < n#0 (mod 3).
[ |

Priklad 3. Dokazte kritérium deviti a jedendcti.
Reseni. ProtoZe pro viechna k € Ny plati 108 =1¥ =1 (mod 9) a 10¥ = (— 1) (mod 11), dostadvame

a,- 10" +a, - 10" - +a;-10+ap=a,+a, 1 +---+a; +ay (mod9),
a,-10"+a,_1-10" "+ 4a;-10+ap = (—1)”-61,1—1—(—1)"_1 “dp—1+--—ay+ap (mod 11).

Priklad 4. Necht’ a,b € Z jsou takovd, ze n = 10a + b. Dokazte

TIln <  7](a—2b),
13|n o 13| (a+4b),
31|ln <  31](a—3D),
91|n < 91| (a—9D).



ReSeni.

10a+b=10a—20b=0 (mod7) < a—2b=0 (mod?7),
10a+b=10a+40b=0 (mod 13) < a+4b=0 (mod 13),
10a+b=10a—30b=0 (mod3l) < a—-3b=0 (mod 31),
10a+b=10a—90b=0 (mod91) < a—95=0 (mod91).

Priklad 5. Spoctéte posledni tii cifry Cisla
13147,
Resent. Potitdme 1314 (mod 1000). Z &inské zbytkové véty vime, Ze stadf poditat
13" (mod8) a 13" (mod 125).
Z Eulerovy véty vime, Ze
13*=1 (mod8) a 13'=1 (mod 125).
Staéf proto spoéitat zbytek 14!° po délent 4, respektive 100. Jist&
14° =0 (mod 4).
Na druhou kongruenci pouZijeme opét ¢inskou zbytkovou vétu.
14 =0 (mod 4),
1415 =14.(196)" =14 - (—4)" =14 (—1024) - 16 = 14-16 =224 = —1 (mod 25),
145 =24 (mod 100).
Dostévame, Ze 1415 = 24 4+ 100k pro né&jaké k € N. Odtud
13147 = 13244100k — 1324 _ 16912 = 4412 — 4121112 = 16.10242 - 121° =
=16-(25-1)2-(—4)°=16-(—49)-4-1024 = 16-54-24 = —17-67= —14

ReSime tedy soustavu

x=1 (mod 8),
x=—14 (mod 125).

Z druhé kongruence dostdvdme x = —14 4 125¢. Dosadime do prvni

—14+125t=1 (mod 8),
5t=—1 (mod 8),
t=3 (mod 8).

Odtud t = 3 + 8v. Dosadime x = —14 + 125 - (3 4+ 8v) = 361 + 1000v. Posledni trojéisli je tedy 361.
[



